We show that the weak second harmonic light generated from a random distribution of nonlinear domains of transparent Strontium Barium Niobate crystals can display a particularly intense generation in the forward direction. By using a theoretical model able to analyze the optical response of arbitrary distributions of three-dimensional nonlinear volumes of any shape, we found that the physical origin of this observation can be explained in terms of the scattering of light by a single nonlinear domain.
Introduction
Second harmonic generation (SHG) in random materials was already considered in the early days of nonlinear optics as a way to achieve a pseudo-phase matching mechanism between the fundamental (pumping) wave and the second harmonic generated wave [1, 2] . Recently, this effect regained attention when in a difference frequency generation experiment in microcrystals of ZnSe it was observed that a weak nonlinear generation became more efficient as the size of the micro-crystals approached one coherence length [3] . In contrast to what was expected from a periodically ordered material, SHG in ZnSe micro-crystals did not show a maximum, but as the average size of the domain was made larger than one coherence length, the generation did not decrease but remained constant instead, a behavior that was later attributed to the randomness in the size of the domains [4] . Parallel to this observation, an increasing interest developed in Strontium-Barium Niobate (SBN), a material where the nonlinear ferroelectric domains, characterized by a needle-like shape, are distributed randomly with the needle axis parallel to the c-axis of the bulk single crystal of the material [5] [6] [7] . Up to date, it has been generally assumed that in this kind of structures, when the fundamental field propagates in a direction perpendicular to the domain axis, the generated second harmonic light is scattered in all directions on a plane that contains the incident beam. This picture has been supported by a theoretical model in which the physical origin of the uniform in-plane SHG is attributed to a homogeneous distribution of reciprocal space vectors in all directions perpendicular to the polar axis of the crystal [6, 7] .
In this letter, we show for the first time that the in-plane SHG from SBN crystals is not as uniform as it has been reported up to date, and that actually, under certain conditions, can display an intense generation in the forward direction. In order to explain this observation, we applied a theoretical model that captures all the physics involved and show that the main features observed in our experiments can be understood by analyzing the scattering of light by a single nonlinear domain. Importantly, notice that, although the enhancement of light scattering in certain directions has been extensively studied in random optical materials [8] , here, for the first time, we report on enhanced light scattering in a transparent optical system featuring a homogeneous index of refraction. As we show below, the lack of scattering in the linear regime, along with the nonlinear light generation occurring at random positions inside the considered system, make the physical origin of the observed process to be radically different from those found up to date in linear random optical structures. In particular, we demonstrate that the larger average size of the nonlinear domains considered in this work with respect to previous studies of SHG in SBN [5] [6] [7] is crucial to enable the observation of the reported enhancement of the SHG signal.
Experimental results
The experimental analysis presented here was carried out using a SBN crystal characterized by a spontaneously grown random distribution of needle-like domains [5] . The domain structure is made visible by chemically etching in HF 48%. Since the acid etches faster the domains in one orientation than in the other, the polarization structure can be observed by scanning electron micrographs (SEM) as differences in the surface relief. One of the SEM images taken during our experiments is displayed in Fig. 1(a) . From inspection of several of these images, we determined an average domain size in the direction perpendicular to the axis of the needle (c-axis) of approximately 13 μm. In addition, from these images, we also observed that some of the nonlinear domains have circular section, while there are others which section resembles more that of a square with rounded corners. These square shapes appear to be all oriented in the same direction, following the cubic symmetry of the SBN crystal. Figures 1(b) and 1(c) show the results of SHG experiments in which the SBN sample is pumped by a fundamental beam (consisting of a 1KHz train of 150 fs pulses tuned at λ 1 =1200 nm) propagating along a direction parallel and perpendicular, respectively, to the c-axis of the crystal. Figure 1(b) clearly displays the expected ring-shaped SHG at λ 2 =600 nm. Note however, the appearance of another ring of weaker intensity inscribed in the larger one. This secondary ring is more clearly visualized in inset of Fig. 1(b) , which shows the total intensity along one diameter of the ring as measured by moving a detector in a plane perpendicular to the incident beam.
On the other hand, as shown in Fig. 1(c) , when the sample is pumped in the direction perpendicular to the c-axis, the SHG strongly peaks at a direction very close to that of the incoming beam; the observed SHG maximum intensity being more than 100 times brighter than the scattered background generation (to mimic an observation at infinity in this experimental measurement, the detector was moved horizontally along the focal plane of a 250 mm lens placed right behind the crystal). A photograph of the corresponding SHG is shown in the left inset of Fig. 1(c) , where that intense spot of generation is clearly visible on top of the dimmer line produced by scattered second harmonic light. To confirm that the SHG in the forward direction is a result of the random distribution of domains in the bulk of the crystal and to rule out any surface effect, we measured the energy at the peak as a function of the thickness of the crystal. As expected for this class of random structures [3, 4] , we observed a linear growth of the second harmonic peak intensity [see right inset of Fig. 1(c) ]. The same linear growth, as shown here is observed when we measure the intensity at any point of the background scattered second harmonic light. We note that slight deviations from a linear growth versus thickness, as for instance when the thickness of the crystal is close to 3.2 mm, are seen in the right inset of Fig. 1(c) . These could be explained from a residual surface contribution to the SHG in the forward direction. Such surface contribution may exhibit a nonlinear thickness dependence as in the Maker fringes [9] . The same surface contribution may explain why, as described below, the experimental measurement provides a narrower peak in the forward direction than the one predicted by our theory of SH scattering by single domains.
Theoretical results and discussion
To understand the physics of our observations, and given that, to our knowledge, neither the observed burst of SHG nor the appearance of the secondary ring discussed above can be explained in general using the model employed up to date to describe SHG in random materials [6, 7] , we have applied the Green function formalism to this problem [10, 11] . Let us briefly describe this theoretical framework. We start by considering SHG from an arbitrarily-shaped single nonlinear volume V NL surrounded with a linear material of the same refractive index (which takes values n 1 and n 2 at the fundamental and second harmonic frequencies, respectively. In all the calculations shown in this manuscript we assume n 1 =2.2795 and n 2 =2.3479, which correspond to the values for the refractive index of SBN at λ 1 =1.2 μm and λ 2 =0.6 μm, respectively). Assuming all the fields to be time harmonic, the second harmonic E-field, E (2ω) (r), can be expressed in terms of the corresponding electric dyadic Green's function G(r, r ) as
where P (2ω) (r) stands for the induced nonlinear polarization at the second-harmonic frequency 2ω. The Cartesian components of P (2ω) (r) are defined by P
i jk being the corresponding second-order nonlinear susceptibility tensor, which is assumed to be compatible with the symmetry of the non-centrosymmetric ferroelectric phase of SBN; the indexes {i, j, k} label the coordinates {x, y, z}, respectively, whereas E (ω) (r) represents the fundamental E-field). Notice also that the integral of Eq. (1) is performed over the nonlinear volume under study. For nonlinear volumes with simple external shapes (e.g., a cylinder or a rectangular parallelepiped) this integral can be performed analytically; otherwise it can be computed numerically.
Since, as mentioned, in order to reproduce the optical response of the experimental sample, we assume no refractive index difference between the nonlinear domain and the surrounding linear medium, G(r, r ) can be obtained from the scalar Green's function of a three-dimensional homogeneous medium [12] . In addition, as we are interested in the far-field response, we can use the asymptotic expansion of G(r, r ) in the limit |r| >> |r |. Thus, if we assume a form for the fundamental E-field given by E (ω) (r) = E 
Here r obs denotes the distance from the center of the considered nonlinear volume to the observation point, while φ obs and θ obs are the azimuthal and polar angles, respectively, defining the observation direction. The matrix I Δk is defined as I Δk (φ obs , θ obs ) = [ V NL dr exp (−iΔkr )]× M(φ obs , θ obs ), where Δk = |k (2ω) |u r − 2k (ω) (u r denotes a unit vector pointing along the observation direction and |k (2ω) | = 2ωn 2 /c). Notice that this Δk governs the phase-matching between the fundamental and second-harmonic fields propagating inside the considered nonlinear volume. On the other hand, the matrix M is defined as M(φ obs , θ obs ) = I − u r ⊗ u r (the operator '⊗' denotes a tensor product). Finally, p (2ω) = 2 d ⊗ u E ⊗ u E , where d represents the contracted second-order nonlinear coefficient whose components are obtained from the tensor components χ (2) i jk in the usual manner [13] . Once E (2ω) (r) has been computed from Eq. (2), the far-field intensity distribution at 2ω, I (2ω) (r), can be obtained simply by using the fact that I (2ω) (r) = (1/2)(cε 0 n 2 )|E (2ω) (r)| 2 . Now, we turn to the case in which the nonlinear volume V NL is a cylinder of diameter d c and height h [see Fig. 2(a) ]. The effect of having a 3D parallelepiped with the same height h but different cross section, such as a square with rounded corners, will be discussed later. After some algebra, from Eq. (2) one can show that the angular second-harmonic intensity distribution emitted by the cylinder can be written analytically as Notice that, in contrast with the theoretical model employed up to date for the analysis of second-harmonic generation from random optical materials (as mentioned above, based on considering a homogeneous distribution of vectors in the reciprocal space [14, 15] ), in this work we apply a theoretical approach consisting in the analysis of the problem in real space. As we show below, this approach, based on Eq. (3), allows us to explain the physical origin of all the different features observed in our experiments in terms of the scattering of a single nonlinear volume.
Thus, the physical origin of the observed maximum of second-harmonic intensity in the xy plane shown in Fig. 1(c) emerges when looking at the conditions that maximize the expression for I (2ω) (r) given in Eq. (3). Specifically, noticing that for θ obs = π/2 [see definition of polar and azimuthal angles in schematics of Figs. 2(a) and 2(b) ], Δk z = 0 and Δk = n 2 2 − n 2 1 − 2 n 2 n 1 cos(2φ obs ), it is straightforward to deduce that I (2ω) (r) peaks at φ obs = 0. In fact, since one can show that this value of φ obs corresponds to Δk y = 0, it is also clear that it is precisely the phase-matching in the direction perpendicular to the propagation direction (y-axis in the considered configuration) the main mechanism behind the appearance of the observed dramatic increase of SHG. We note that in the case of illumination perpendicular to the c-axis, the above-discussed enhancement of SHG signal is invariant with respect to the in-plane rotation of the reference frame (i.e., for the considered cylindrically-shaped domain, the SHG enhancement is always found in the forward direction with respect to the fundamental beam). Thus, without any loss of generality, in our calculations we have assumed the x-axis to be parallel to the direction of propagation of the fundamental beam, whereas the y-axis is defined along the direction perpendicular to both the propagation direction and the c-axis.
The result of this unusual phase matching in the direction perpendicular to the propagation direction is illustrated in Fig. 2(c) , which shows the theoretical second-harmonic intensity emission pattern corresponding to a cylinder defined by d c =13μm and h =26μm, computed for the case in which the fundamental beam propagates along the x-axis. Importantly, since for this configuration the minimum value for Δk is different from zero, the efficiency of generation oscillates with the radius of the cylinder, as shown in the inset of Fig. 2(c) . A relative maximum is seen at d c ≈13μm, which, remarkably, coincides with the experimentally determined average size of the domains. In addition, by analyzing numerically different 3D external shapes of the nonlinear volume V NL , we have found that the above described phase-matching, responsible for the observed dramatic increase of SHG, seems to be rather independent of the shape of the domain. In particular, Fig. 2(e) renders the computed results for the case of a nonlinear parallelepiped of height h =26μm and whose cross section is a square with rounded corners (which, as mentioned, resembles some of the domains observed in the actual SBN crystal used in our experiments). The cross section area of this rounded parallelepiped is set to be equal to the cross section area of the cylinder considered in Fig. 2(c) . Notice that the peak of SHG that can be observed in Fig. 2 (e) at φ obs = 0 is about two orders of magnitude larger than the value defined by the plateaus surrounding this maximum, which agrees with the relative height of the maximum of I (2ω) (r) with respect to the scattered background observed experimentally [see Fig. 1(c) ].
Figures 2(d) and 2(f) display the theoretical angular distributions of I (2ω) (r) computed for the case in which the nonlinear cylinder and the parallelepiped with rounded cross sections considered above are illuminated by a fundamental beam propagating along the c-axis. Remarkably, both panels show clearly that the far-field distribution of SHG from a finite single domain is very similar to that found experimentally in a random distribution of domains. The (3) as follows. In the configuration in which fundamental beam propagates in a direction parallel to the c-axis [see Fig. 2(b) ], the projection of the phase-matching wavevector Δk along the c-axis is given by Δk z = (4π/λ 1 )(n 2 cos θ obs − n 1 ).
Noticing that the condition Δk z = 0 maximizes I (2ω) (r) for this configuration, we predict the existence of a ring-shaped emission with an angular aperture given by θ a = acos(n 1 /n 2 ). This result is in agreement with the value of θ a found in our experiments, as well as with the value for this magnitude reported in the literature [6, 7] . To investigate if the phase dependent formation of the main peak survives when we consider a random distribution of domains with different sizes and random positions in space, we turn now to the case of a structure formed by a random distribution of cylindrical domains whose transversal and longitudinal sizes are determined by a Gaussian random distribution. The mean value and the standard deviation of this random distribution are chosen to match those obtained from direct analysis of SEM images of the etched surfaces of our SBN crystal. Notice that, in general, the full description of the SBN crystal considered in this work, would require the inclusion of the anti-parallel nonlinear domains present in the interstices of the above described random distribution of cylindrical domains. However, since these interstitial volumes are irregular (i.e., the corresponding integrals can not be performed analytically), such calculations are a computational tour de force beyond our reach at the moment, which would preclude a direct comparison with the presented experimental results.
Figures 3(a) and 3(b) render the results obtained from our simulations assuming that the fundamental beam propagates along a direction parallel and perpendicular to the c-axis, respectively. The averaged results shown in both panels correspond to 400 different random distributions, each one formed by 240 nonlinear cylinders. The mean value of the diameter of the cylinder is d =13μm, while their average height is given by h = 2 d . The standard deviation of the distribution is chosen to be σ =2.6μm. Figure 3(a) shows that, when the structure is illuminated along the c-axis, the far-field distribution of second-harmonic light is dominated by the appearance of a ring-shaped distribution of angles in which the SHG is more intense. As shown in left panel of Fig. 3(a) , the aperture of far-field cone defined by this ring (θ a =15.5 • ) is in excellent agreement wih the one obtained experimentally [θ a =13.8 • , see Fig. 1(c) ]. Note that, in addition, our model does predict the existence of a secondary internal ring. It is important to notice that the peak of generation in the forward direction predicted by the single domain model survives, as shown in Fig. 3(b) , when a random distribution of multiple domains is considered, confirming the experimental observation shown in Fig. 1(c) . This peak of generation in the forward direction is more clearly visualized in the top inset of Fig. 3(b) , in which the average second-harmonic intensity is plotted in linear scale as a function of the observation angle φ obs . Furthermore, our simulations also confirm the linear growth of the second-harmonic intensity as a function of the number of nonlinear volumes included in our simulations [see bottom inset of Fig. 3(b) ].
Finally, in order to analyze the influence that the shape of the nonlinear domains has on the angular distribution of second harmonic light described above, we have performed a set of simulations in which a number of the nonlinear cylindrical domains of the analyzed structure have been replaced by rectangular parallelepipeds whose corners have been rounded to emulate the domain shapes observed in the experimental samples. The results from these calculations are summarized in Fig. 3(c) , in which different ratios of the number of parallelepipeds with rounded cross section over the total number of domains in the structure have been considered, ranging from 0 (no rounded parallelepipeds in the system) to 75% (i.e., 75% of all the domains forming the structure are parallelepipeds). As displayed in this figure, as the number of rounded parallelepipeds in the system increases, two side maxima develop at φ obs = ±14 • . These two peaks lead to a small increase of second harmonic light intensity as we move the observation angle away from the incident direction. The position of the two side maxima observed experimentally at φ obs ≈ ±5 • does not correspond to the prediction of the theory mostly because a correct effective observation at infinity is only achievable for small angles, for which the lens distortion is minimal.
Conclusions
To conclude, we have observed a non-homogeneous SHG from transparent nonlinear random structures. To explain the physical origin of these features of SHG in random configurations, we have applied a first-principles theoretical framework based on the Green function formalism. The results obtained from this approach fully agree with previous experimental observations of SHG from unpoled SBN crystals. This model conclusively shows that most of the observed characteristics of the nonlinear optical interaction in SBN are already present in the SHG from a single three-dimensional needle-shaped domain. We have demonstrated that such features rely on an unusual phase-matching within such single domain and that they survive when the collective contribution of many domains randomly distributed in space is considered. We believe the results reported in this letter open a broad range of opportunities to tailor the interaction of light with random distributions of nonlinear domains.
